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Abstract We show that the image of the pure braid group under the mon-
odromy action on the homology of a cyclic covering of degree d of the pro-
jective line is an arithmetic group provided the number of ramification points
is sufficiently large compared to the degree d and the ramification degrees are
co-prime to d.
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1 Introduction

A subgroup I' C GLx(Z), is said to be an arithmetic group if I" has finite
index in its integral Zariski closure G(Z) (i.e. suppose G C GLy is the Zariski
closure of I"; then I C G(Z), which by definition, is G N GLy(Z). We say
that I" is arithmetic, if I" is a subgroup of finite index in G(Z)). Otherwise,
we say that I” is not arithmetic, or that I" is thin [17].

A natural class of subgroups of SLy(Z) arise as monodromy groups. Sup-
pose X — § is a family of smooth projective varieties (X;)scs parametrised
by a base variety S. Then the fundamental group m(S) acts on the inte-
gral cohomology H*(Xy) of a typical fibre X;. The image of this action is
the “monodromy group”. Griffiths and Schmid [7] first raised the possibility
that monodromy groups are arithmetic. However, there are several examples
which show that the monodromy group is not always an arithmetic group. No-
table among them are those of Deligne-Mostow [6] (see also [15] where the
monodromy group is not even finitely presented). In the examples of [6], the
monodromy group is a subgroup of infinite index in an arithmetic lattice in a
product of unitary groups U (r, s) (such that the group of the real points of the
Zariski closure of the monodromy group contains the product of the special
unitary groups SU(p, g) and) such that one of the factors of the product is
U((n —1,1). The projection of the monodromy to this factor sometimes gives
a lattice in U (n — 1, 1) which can be shown to be a non-arithmetic lattice in
Un-—1,1).
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Monodromy of cyclic coverings of the projective line 3

The examples of [6] arise as the monodromy of certain families of cyclic
coverings of a fixed order d of the projective line P! (C), where the fam-
ily is prescribed by choosing n + 1 distinct branch points in the affine line
C, with fixed ramification. To be precise, let n > 1 and d > 2 be integers.
Fix integers ki, k2, ..., ky41 with 1 <k; <d — 1, and such that the g.c.d. of
ki,ka, ..., kny1 and d is 1. Given n + 1 distinct points ay, az, ..., dy+1 in
the complex plane, put a = (ay, ..., ap+1) € C"*1, Consider the curve Xak
given by the pair (x, y) satisfying the equation

yd:(x_al)kl(x—az)kZ,..(x_an+1)kn+] (1)

with y £ 0and x #ay,az, ..., ant1-
Let C be the space of points in C"*! all of whose coordinates are distinct;
as the point a € C varies, we get a family

n+1
F = (y,x,a)e(C*x(CxC:ydzl_[(x—ai)ki ,

i=1

and the fibration 7 — C given by the projection map (y, x, a) > a. The fi-
bre over a point a € C is the affine curve given in (1). The curve X, x is a
compact Riemann surface X; , minus a finite set of punctures. We may con-
sider, analogously, the family 7™* of compact Riemann surfaces X ; fibering
over C.

The fundamental group of the space C is well known to be the pure braid
group P,41 on n+ 1 strands (see Sect. 7.1); thus the fibration 7* — C yields
a monodromy representation

pyr(k,d) : Poyy — GL(H((X} . 7)),

of P,4+1 on the integral homology of the fibre XZ’ ¢ If N is the rank of the
Abelian group H; (Xj;’k,Z), then the image I" of P,y4; is a subgroup of
GLy(Z). 1t can be shown that the group G(R) of real points of the Zariski
closure of I" is contained in a product of unitary groups U (p, g) such that
G(R) contains the product of the special unitary groups SU(p, q). The group
G = Z/dZ acts on the equation

n+1

yd = H(-x _ai)kia
i=1

by the map g(x, y) — gy for g € G where G is viewed as d-th roots of unity
in C. We may decompose the homology H; of X;"  Into G eigenspaces with

respect to this action. Fix a primitive d-th root of unity, say w = >/, Fix
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a generator T of G. If 1 < f <d is an integer, fix the part of the homology
Hi(X ;. C) on which the generator 7' € G acts by the scalar w’ . The group
of real points of the Zariski closure of I acting on this part will again be
contained in a unitary group of the form U(pys,gy) and will (in general)
contain the special unitary group SU(py,qy).

We now describe briefly, the results of [6]. Suppose f is an integer with
1< f <d—1, and coprime to d. Given x € R, denote by {x} its fractional
part. Put u; = {%} for 1 <i <n-+1.Write oo =2 — ) _ ;. We impose the
following conditions on the w;: (1) u; + puj < 1 for all i, j including i = oo,
(2)0 < oo, (3) 7=;=; is an integer if k; # k;, and (4) if k; = k; then -
is a half integer.

Then it is shown in [6] that the factor of the group of real points of
the Zariski closure of the monodromy 1" in GL(H; (XZ’ v 2)) =GLN(Z) C
GLy (C) corresponding to f (as in the preceding paragraph) contains the spe-
cial unitary group SU(n — 1, 1) and is contained in U (n — 1, 1). Moreover,
the projection of I" to this factor gives a lattice in U (n — 1, 1) (if the u; sat-
isfy some further conditions, then the lattice in U(n — 1, 1) is an arithmetic
lattice).

For example, consider the family for varying by, by, b3, by € C, all distinct,
of the curves corresponding to the equation

y8 = (x = b1)(x — b2)(x — b3)(x — ba).

In this case, n = 3. By the criteria of [6], the monodromy is non-arithmetic.

In the notation of the preceding paragraph, we take f =7 and d = 18; then

wi =7/18 and oo = 8/18. Hence ﬁ is a half integer—namely 9/2—
iTH

if i, j <4 (and hence pu; = u;); and 1—;1}—;1,- is an integer—namely 6—

if i <4 and j = oco. By the half integrality (¥'-INT) criterion of Mostow
(in [14], see p. 104, with N =5 and u; = 7/18, and pueo = 8/18) it follows
that the projection of I” to the factor corresponding to f = 7 is a discrete
subgroup of U (2, 1) and is, in fact, a lattice in U (2, 1). One can easily check,
from the list given there, that the monodromy is non-arithmetic i.e. has infinite
index in its integral Zariski closure.

Let us now return to the general situation of (1). The condition of [6]
that 0 < oo =2 — Z{%} implies that n + 1 < ) k; < 2d and hence that
n <2d — 1. We would like to investigate what happens when n > 2d. The
following theorem says that if n > 2d then for most k;’s, the monodromy is
arithmetic. Precisely, we prove

Theorem 1 Suppose d > 2 and n > 1 are integers, ki, . .., k41 are integers
with 1 <k; <d — 1 with gcd(k;,d) = 1 for each i. Suppose that

n>2d.
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Monodromy of cyclic coverings of the projective line 5

Then the image I' = py,(k,d)(Py11) of the monodromy representation
oy (k, d) of P,y is an arithmetic group.

Moreover, the monodromy group is (up to finite index) a product of irre-
ducible lattices each of which has Q-rank at least two.

In [21], the case when all the integers k; are 1 was considered (then
ged(k;, d) =1 for all i). Consider the compactification X, of the affine curve

Y= —a)(x—a)-- (x —any1),

with y £ 0 and x # ay, ..., a,+1. There is now the monodromy action of the
pure braid group P, (even of the full braid group B,,11) on H{ (X}, Z). The
following result is proved in [21].

Theorem 2 Ifd > 3 and n > 2d, then the image I" of the monodromy repre-
sentation p(d) : Byy1 — GL(H1(X},Z)) = GLN(Z) is an arithmetic group.

Moreover, the monodromy is a finite index subgroup of a product of irre-
ducible lattices, each of which is a non-co-compact arithmetic group and has
Q-rank at least two.

Remark 1 If n +1 < d then the group of integral points of the Zariski closure
of the monodromy is (up to finite index) a product of irreducible arithmetic
lattices, some of which form co-compact lattices of their real Zariski closures.

A result of A’Campo [3] says that Theorem 2 holds when d = 2 as well.

If we replace the pure braid group by the mapping class group Iy of the
fundamental group of a compact Riemann surface of genus g > 2, and con-
sider analogously, the action of Iy on the family of cyclic coverings of a
fixed degree of the family of genus g Riemann surfaces, then the arithmetic-
ity of the image of this action (monodromy) is proved in [12]. (At the time
the present article was written, the author was not aware of the paper [12];
the method of proof is similar and uses the presence of unipotent elements
in the monodromy group. But, in the present article, more work is needed to
generate unipotent elements—under the assumption that n > 2d.)

A special case of Theorem 1 is the following
Corollary 1 Suppose d is a prime, ki, ..., ky41 integers with 1 <k; <d — 1
and n > 2d. Then the monodromy group I', namely the image of P, under

the representation p(k,d) : P,+1 — GL(H; (X;k’k, 7)) is an arithmetic group.

Remark 2 1f d is not assumed to be prime, then the analogue of Corollary 1 is
false in general, even when 7 is large. As an example, consider d = 2 x 18 and
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6 T.N. Venkataramana

let n be arbitrary. Suppose ay, az, ..., an, b1, ba, bz, bs are distinct complex
numbers. Consider the two equations

n 18
Qwﬁxy““zﬁiu—w)(wwomu—m>mm
i=1

Cisbh):  w®=(x—b1)---(x —by).

There is a map Cax158(a, b) — C13(b) given by (x, y) — (x, w) with

y2

T r—a)--(x—an)

w

The monodromy of the family Cyx13(a, b) (as a and b vary) on the first ho-
mology of the curves Cax13(a, b) maps onto the corresponding monodromy
of the family of the curves C13(b) (as b varies). The latter is not arithmetic,
by the example discussed earlier. Therefore, the monodromy of the family
Cr«1s(a, b) is also non-arithmetic.

1.1 Description of the proof

The proof is very similar to the proof of Theorem 2 given in [21]. In [21] the
proof was by showing that the monodromy was related to the Burau represen-
tation. The properties of the Burau representation (especially those at roots of
unity) were used in the course of the proof.

Analogously, in the present paper, Theorem 1 is deduced from the arith-
meticity of the images of certain representations (the reduced Gassner repre-
sentation specialised at roots of unity defined in Sect. 3.4) of the pure braid
group P,41. We also have to establish, somewhat precisely, the exact rela-
tionship of the monodromy in Theorem 1 with the Gassner representation.
This is much more complicated than in the Burau case. The monodromy rep-
resentation of Theorem 1 is related to the reduced Gassner representation of
Theorem 16 as follows (see [9] for related results).

One can define the reduced Gassner representation g, (k, d) at d-th roots
of unity where k is the n + 1-tuple (ky, ..., k,+1). The image of g, (k,d)
takes the pure braid group P, into GL,(E;) where E; = Q(wy) is the d-th
cyclotomic extension. We will see in Sect. 4 that the Gassner representation
gn(k, d) is irreducible if ) k; is not divisible by d; if ) ; k; is divisible by d,
then g, (k, d) contains the one dimensional trivial representation E4v and the
quotient, denoted g, (k, d), is irreducible. By an abuse of notation, we write
g, (k, d) for the representation g, (k, d) even when »_k; is not divisible by d.

If X, « is the open curve, then we have the monodromy action, denoted
pm(k,d) on H{ (X4, Q) (and the action p;{/I(XZ’k, Q) on the homology of
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Monodromy of cyclic coverings of the projective line 7

the projective curve X;; ;)- On the homology of X, x the cyclic group Z/dZ
operates. Given a module V of the Q-group algebra Q[Z/dZ], denote by V™
the quotient of V modulo the space of invariant vectors in V under the action
of Z/dZ. Take V = H{ (X4, Q). We call V" the “non-invariant” part of V
and denote by o (k, d)" the representation of P,y on V" In Sect. 7, we
will prove

Proposition 3 Suppose that the numbers k; are all co-prime to d. Denote by
oum (k, d) the representation of the pure braid group P, on the homology of
the open curve H\(X 4k, Q). Then the non-invariant part of Hi (X, x, Q) is
the direct sum

pu (k. d)" =P gn (k. e).

eld

The representation py,(k,d) of Pyy1 on the homology H\(X ,,Q) of the
compact Riemann surface X', , is the direct sum

Piik.d) =Pz, k..

eld

The sum is over all divisors e > 2 of the integer d.

Theorem 1 follows from Proposition 3 and Theorem 16.

The main section of the paper is Sect. 4. In Sect. 4, we show that the image
of the pure braid group P, at a primitive d-th root of unity contains many
unipotent elements. More precisely, the proof of Theorem 16 is by showing
that for n > 2d the image I}, (¢g) contains an arithmetic subgroup of the unipo-
tent radical of a parabolic Q- subgroup. By using results of Bass-Milnor-Serre
and Tits [4, 18], and their extensions to other groups [16, 19, 20] on unipotent
generators for noncocompact arithmetic groups of R-rank at least two, one
can then show that such groups are arithmetic if n > 2d.

In the Burau case, this was proved in [21]. It was possible to obtain unipo-
tent elements in the Burau case when n 4 1 was divisible by d, since in that
case, the Burau representation at d-th roots of unity is degenerate. The unitary
group U (h) of the relevant Hermitian form is not reductive and we can get,
in the image of the Burau representation, elements which lie in the unipotent
radical of U (h).

An analogous result in the Gassner case is proved in the present paper. We
exploit the fact that (if n > 2d) then a subrepresentation of the restriction of
the Gassner representation at roots of unity, to a suitable smaller pure braid
group, becomes degenerate. One can then generate unipotent elements. The
existence of such a suitable smaller pure braid group is ensured by a pigeon-
hole argument if n > 2d. This is worked out in Sect. 4.
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8 T.N. Venkataramana

In Sect. 6 we relate the Gassner representation to the pure braid action on
certain finite index subgroups of the free group on n + 1 generators. This
relation is obtained by using a Theorem of Artin on the action of the (pure)
braid group on the free group on n + 1 generators. We then relate this action
to the monodromy in Sect. 7.

2 Algebraic groups

The following theorem is an extension to all simple groups, and all opposing
parabolic subgroups, of a result of Bass-Milnor-Serre and of Tits (the theorem
of Bass-Milnor-Serre and Tits was proved for SL, (n > 3) and Sp,, (g = 2)),
and where the parabolic subgroup was a minimal parabolic subgroup. We
refer to Sect. 2 of [21] for a detailed description and definitions of the terms
involved.

Theorem 4 Suppose G is an absolutely almost simple linear algebraic group
defined over a number field K , such that K -rank of G is > 1 and G(Og) has
higher real rank, i.e.

00 — rank(G) 2 3" K, — rank(G) = 2.

v|oo

Suppose P is a parabolic K -subgroup of G with unipotent radical U and let
P~ be a parabolic K -subgroup defined over K and opposed to P with unipo-
tent radical U™ . Let I' C G(Ok) be a subgroup which intersects U(Og) in
a finite index subgroup (and similarly with U~ (Og)). Then I" has finite index
in G(Og).

2.1 An inductive step for integral unitary groups

In this subsection, we prove a result which will be used in the inductive proof
of Theorem 1. The result says that a subgroup of the integral unitary group
has finite index if it contains finite index subgroups of smaller integral uni-
tary groups. In the following, we will assume that E is a totally imaginary
quadratic extension of a totally real number field K. Let x — X denote the
action of the non-trivial element of the Galois group of the quadratic exten-
sion E/K. Assume that V is a finite dimensional E-vector space and that
h:V xV — E a K bilinear form such that 2 (Av, pw) = Awh(v, w) for all
A, € E and all v, w € V. Assume that h(w, v) = E(v, w) forallv,w e V.
Then the unitary group U (h) (resp. the special unitary group SU(h)) of el-
ements of GL(V') (resp. SL(V)) which preserve h is naturally an algebraic
group (resp. an almost simple algebraic group) over the totally real number
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Monodromy of cyclic coverings of the projective line 9

field K. Under suitable conditions, we will be able to apply Theorem 4 to
SU(h).

Moreover, if K, >~ R is an Archimedean completion of the (totally real)
number field K, then the base change of U(h) to K, is the usual unitary
group of the Hermitian form over R. In particular, the special unitary group
SU(h)(K,) is a co-compact subgroup of U (h)(K,). As a consequence, the
group of integral points U (h)(Og) and SU(h)(Og) are commensurable.
Therefore, arithmetic subgroups of U (h) or of SU(h), are the same up to
commensurability.

We note that in our applications, the groups involved will be unitary groups
of skew Hermitian forms; but these are naturally isomorphic to unitary groups
of Hermitian forms, by changing the skew form by a multiple of an imaginary
element. For this reason, we do not stress the nature of the form, whether it is
Hermitian or skew Hermitian.

Notation With the preceding assumptions, let V = (V, h) be a nondegen-
erate Hermitian space over E such that E — rank(V,h) > 2; since the
special unitary group is a K-group, this hypothesis is equivalent to K —
rank(SU(h)) > 2. Let W, W’ be codimension one subspaces on which 4 is
again non-degenerate. Suppose that I C Hy(Og) is a subgroup such that
its intersection with Uw (Ok) (resp. Uy (Ok)) has finite index in Uy (Og)
(resp. in Uy (Ok)).

Lemma 5 With the preceding notation, suppose that there exists a non-
degenerate subspace W of the intersection W N W' which contains a nonzero
isotropic vector v. Then the group I" has finite index in Uy (Og).

Proof By the non-degeneracy of 2 on W’ C W N W' the space W” contains
a vector v*, also isotropic, such that i (v, v*) = 1. Write the orthogonal de-
composition V = (Ev + Ev*) & X. Then W = (Ev+ Ev*) @ X N W and
similarly for W’.

Consider the filtration

OCEvCEBSXCEVBEXDEV =V.

Denote the corresponding Heisenberg group (the unipotent subgroup of
U (V) which preserves the flag and acts by identity on successive quo-
tients), by H (V) and its integral points by H(V)(Og) = Hy (Og). The group
P c U (V) which preserves the above partial flag is a parabolic subgroup and
H (V) is its unipotent radical. Define similarly, the smaller Heisenberg groups
H(W) and H(W’) and their integral points H(W)(Og) and H(W')(Ok).
By assumption, H(W) N I" has finite index in H(W)(Og); similarly for
H(W’"). The two integral Heisenberg groups generate H(W)(O) up to finite
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10 T.N. Venkataramana

index, since two distinct vector subspaces of codimension one, span the whole
space. We thus find that I" contains a subgroup of finite index in the integral
unipotent radical of a parabolic K subgroup.

Similarly, we find a finite index subgroup of an opposite integral unipotent
radical in the group I". Therefore, by Theorem 4 applied to SU (h), I'NSU(h)
is arithmetic. Since U (h)(Og) and SU(h)(Ok) are commensurable, it fol-
lows that I” is an arithmetic subgroup of U (h)(Ok). Il

2.2 Groups generated by complex reflections

The results in this subsection deal with irreducibility of the action of groups
generated by complex reflections on a complex vector space (sometimes ones
equipped with a Hermitian form). They are essentially well known (cf. [13]),
but we need a version involving additive subgroups of vector groups stable
under complex reflections and therefore we record them here.

Let V be an n-dimensional vector space over a field K. We say that an
element T € GL(V) is a generalised reflection if the endomorphism 7 — 1 has
one dimensional image. Suppose that 71, ..., T, are generalised reflections
such that (T; — 1)(V) = K¢; and {¢; : 1 <i < n} form a basis of V. Assume
that for each i <n — 1, (T; — 1)(&j+1) = bj&; with b; # 0. Assume also that
if i > 2 then (T; — 1)(e;—1) = a;&; with a; Z 0.

Lemma 6

(1) Let V and T; be as in the preceding and A the group generated by the
transformations {T;; 1 <i < n}. Denote by V? the space of vectors in V
invariant under I'. Then the quotient V/V® is an irreducible represen-
tation of A.

(2) If in addition, we assume that T;(s;) = ¢; for all i, j with |i — j| > 2,
then the space V' of invariant vectors has dimension at most one.

Proof Suppose that W # V is a A invariant subspace. If ¢; € W for some j,
by the T;_; invariance of W, the vector (71 —1)(¢;) lies in W. By assump-
tion, (T;_1 — 1)¢; is a non-zero multiple of &;_1; therefore, W contains ¢;_;.
Similarly, (7j 1 — 1)¢; € W and is a non-zero multiple of &1 if j <n — 1.
Therefore, if ¢; lies in W for some j, then ¢, ..., ¢, lie in W and hence
W =V, a contradiction.

Consequently, W does not contain ¢; for any j. Consider the image
(T; —1)W C W.If the image is non-zero, then it consists of all multiples of ¢;
and this is impossible by the preceding paragraph. Therefore (7; — )W =0,
which means that 7; is identity on W for every i. In other words, W is con-
tained in V2. This proves part (1) of the lemma.

We will now prove part (2), assuming (as in part (2)) that T;(¢;) = ¢; if
|i — j| > 2. Suppose that v € VA is of the form v = x263 + - - - + x, &, (i.e. the
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Monodromy of cyclic coverings of the projective line 11

coefficient x| of g1 is zero). Applying (71 — 1) tov we get 0= (71 — v =
xab1e1 whence xo = 0. Now applying 7> — 1 to v, we get 0 = (7> — v =
x3boey. Therefore x3 =0, .... An easy induction now establishes that all the
x; are zero. Hence the linear map VA 5 K given by v = er'l:l Xi& > X|
(the first coordinate function) is injective. Therefore the second part of the
lemma follows. 0

We now prove a version of Lemma 6 for additive subgroups of a vector
group stable under the 7;. Let A be an integral domain and §2 a field of char-
acteristic zero containing A; suppose there is an involution of the field £2
(field automorphism of order two) which stabilises A and V a finite dimen-
sional §2 vector space of dimension n with a non-degenerate Hermitian form
h with respect to this involution. Suppose that {7; € GL(V) : 1 <i < n} pre-
serve this Hermitian form such that the space of vectors fixed under 7; is of
codimension one; then the image of 7; — 1 is spanned by the unique (up to
scalar multiples) eigenvector for 7; with eigenvalue not 1, denote it ;.

We will assume that the {¢; : 1 <i < n} form a basis of V, and that for
each i,

T;(¢i+1) = a;ei+1 + big;  with b; #0,
Ti(gi—1) =cigi +diei—1 with¢; #0.

Under these assumptions we have the

Lemma7 Let I' C U(h)(A) CU(V) be a subgroup generated by these com-
plex reflections T;. Let W be an additive subgroup of the vector group V , such
that W is stable under the operators T;. Then there exists a scalar A # 0 in
the integral domain A such that

AL, ..., A, €W,

In particular, I' acts irreducibly on the vector space V'; the representation is
in fact absolutely irreducible.

Proof Not all the images (7T; — 1)W can be zero; for that would mean that
all the vectors w in W are point-wise fixed by all the 7;; since distinct
eigenspaces of a unitary operator are orthogonal, this means that w is or-
thogonal to ¢; for each i; therefore, w = 0 since & is nondegenerate.

The image of (7; — 1) consists of multiples of &;. Therefore, there exists
an integer i such that W contains a multiple X;¢; for some A; # 0. Since W is
stable under all the 7', the equation

Ti_1(g) =ai—1& +bi_18i—1,
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12 T.N. Venkataramana

shows that a multiple, namely b; _1A;&;—1 = A;_1&;—1 liesin W, ..., multiples
of €1,..., & liein W. Similarly, the equation

Ti1(ei) =cit1(&i+1) +div18i,  dip1 #0,

shows that a nonzero multiple of ¢;41 lies in W, ..., a multiple of ¢, lies
in W. This proves the first part of the lemma.

The foregoing proof also shows the irreducibility for any field £2 with an
involution containing A in its fixed points. Since the fixed field of £2 under
the involution may be embedded in an algebraically closed field F', and over
F the unitary group becomes GL, (F'), it follows that the irreducibility is true
in this case as well: the action of I" is absolutely irreducible. U

We will now derive a corollary of Lemma 7 which will be used later in
the proof of (part (3) of) Proposition 18. We will keep the notation preceding
(and including) Lemma 7. Denote by Z[I"](g;) the additive subgroup of A"
spanned by the I translates of the vector ¢;.

Corollary 2 Fix 1 <i <n. Let H; denote a subgroup of the group A* of units
of the integral domain A such that for every h € H; there exists an element
y € I such that he; = y (&;).

(1) There exists a A = A; # 0 in A such that for every j, we have Hi\e; C
ZIT'1(&i).

(2) Suppose foreachi, H; is asin[1]. Let H be the subgroup of A* generated
by Hy, ..., H, (then H = Hy--- H, is the product). Then there exists a
A # 0 such that for every h € H and every j, the element Ahe; lies in the
I" module generated by €1, ..., ¢&,.

Proof An easy induction shows that (1) implies (2). We now prove (1).

Fix i. By Lemma 7, there exists a nonzero A € A such that Ae; € Z[I"](¢;).
Let i € H;; by assumption, there exists y € I" such that y¢; = he;. Therefore,
A(hej) = h(rej) € h(ZIT'1(&i)) = ZII'1(he;) C ZIT yei = ZIT (). U

2.3 Some results on algebraic groups

Let U C SL,(C) be the unipotent algebraic group consisting of the set of
matrices u of the form

1 x Xn
1 0
u= .
0 0 1
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Monodromy of cyclic coverings of the projective line 13

This is the subgroup which preserves the partial flag
0C Ce CC”,
and acts trivially on successive quotients.

Proposition 8 Ler H C SL,,(C) be a reductive algebraic subgroup which
contains the unipotent algebraic group U. Then H = SL,,(C).

Proof Denote by T the group of diagonals in SL,. The Lie algebra of SL,
splits into eigenspaces for the action of T', and the eigenvectors are E;; and
E;; — Ejj where E;; is, in the usual notation, the n x n matrix whose ij-th
entry is 1 and all other entries are zero. Then the Lie algebra u of U is spanned
by Ej; with 1 <.

Let h be the Lie algebra of H. Write the direct sum decomposition
sl,(C) = b ® b’ as modules under the adjoint action of H (we use the as-
sumption that H is reductive). Since U is unipotent, if b’ is non-zero, there
exists an X € b, X # 0, which is fixed by U. This means that the linear trans-
formation X commutes with U'.

The centraliser 3 of U in sl,(C) is stable under the action of the diag-
onals T, since U is T-stable. Hence j splits into eigenspaces for 7'. Since
Ey; € Lie(U), the equation [Ey;, E;;j] = E; # 0 shows that the centraliser 3
cannot contain E;; with i > 2. It is also clear that the lie algebra of T acts
faithfully on Lie(U) under the adjoint action; therefore,

3=EPCE; =Lie) ch.
j=2

Hence X must lie in b; this is impossible and therefore, ' = 0. 0

Let V be an n-dimensional vector space over C and W, W’ be two dis-
tinct codimension one subspaces and suppose we are given a decomposition
V=W@®Cv and V=W & Cv'. Assume that v, v are linearly indepen-
dent over C. We will view SL(W) (resp. SL(W')) as the subgroup of elements
of SL(V) which stabilise the subspace W (resp. W’) and fix the vector v
(resp. v').

Lemma 9 SL(V) is generated by SL(W) and SL(W').
Proof Put X = W N W’. Then by our assumptions, X has codimension one
in both W and W’. Fix a vector w € W (resp. w’ € W’) which does not lie

in X. We have the decomposition W = X @& Cw and W = X @ Cw’. Write
E=Cw®Cw' . Thensl(V)=sl(X)®(XQE*) D (X*QE)DSIE)DY.
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14 T.N. Venkataramana

Here Y is the space of trace zero endomorphisms of V which act by a scalar
on X and by a scalar on E.

If & is the sub-algebra generated by s/(W) and sl(W’), then h (in fact the
subspace sl(W) + sl(W')) contains E ® X and X* ® E as subspaces; the
sub-algebra generated by these subspaces contains s/(E) (it is easy to capture
the remaining one dimensional space Y in the subalgebra /). Therefore h =
sl(V). O

2.4 Products

The following lemma is proved in [21] and will be used in deducing the arith-
meticity of the monodromy in Theorem 1 from the arithmeticity of the images
of the Gassner representation at roots of unity (Theorem 16). After it was ob-
tained, we learnt that this was already proved (in roughly the same form)
in [12] and in [8].

Suppose X is a finite indexing set and for each element p € X, let K, be a
number field and G, be an absolutely almost simple group defined over K,
with oo — rank(G,.) > 2. We assume that if e, f € X are distinct elements of
X, then either K, and K ¢ are not isomorphic as number fields or G, and G ¢
are not isomorphic as algebraic groups over K, >~ K s (both groups thought
of as algebraic groups over the same field K, >~ K ¢).

Lemma 10 With the preceding assumptions, suppose I' C [[,cx G¢(O,) is
a subgroup of a product of higher rank arithmetic groups. Assume that for
each e € X, the projection of I' in G.(O,.) has finite index in G,(O,). Then
I' has finite index in the product.

3 Action of the braid group on a free group

In this section, we first recall an action of the braid group on a free group,
defined by Artin (see Sect. 3.2). This gives an action of the pure braid group
on the first integral homology of the commutator subgroup of the free group.
This action of the pure braid group is closely related to the Gassner represen-
tation. To make this relation precise, we need to replace the free group with
the free product F of the free group with its Abelianisation. There is an action
of the braid group on the kernel of the natural homomorphism from F onto
the Abelianisation of the free group. The resulting action of the pure braid
group on the homology of this kernel is identified with the Gassner represen-
tation (see Sect. 3.4). We can then define the reduced Gassner representation
and construct a convenient basis {g; : 1 <i < n} for it; we will use this basis
in the next section to specialise the reduced Gassner representation at roots of
unity.
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Monodromy of cyclic coverings of the projective line 15

3.1 The pure braid group

The braid group Bj+1 on n + 1 strands is the free group on the generators
s1, 82, ..., 8, modulo the relations

SiSj =SjS; (|i—j|22) and SiSjS; = S8;8iS; (|i—j|=1).

The symmetric group S, 41 on n + 1 symbols is the free group on the gen-
erators o1y, ..., 0, modulo the relations

0;0; =00 (|i—j|22), 0;00; =0j0;0; (|i—j|=1),

and the additional relations aiz =1.

There is a natural surjective homomorphism B, 11 — Sy+1 of the braid
group onto the symmetric group on n + 1 letters given by s; > o;. The kernel
of this homomorphism is the “Pure Braid Group” P, on n 4 1 strands. The
elements si2 of B, 41 lie in P,41. It can easily be shown that the conjugates of
these elements si2 under all the elements of B, ;| generate P,41. If i < j de-
note by IT;; the product in B, given by I1;; = s;18i42---5j—1. Forr <,
set A,y = r_slsrzl'[rs. In particular, A, ;11 = srz. The pure braid group is in
fact generated by the elements A,.

3.2 Artin’s theorem

Let F; 1 be the free group on n + 1 generators xy, ..., x,+1. The braid group
B, 4+1 acts ([5], p. 21, Corollary (1.8.3)) on the free group F, 41 as follows.

sitxj)y=x; ifj#i,i+1,
si(x) =xixipx; 0 and s (xig1) = X
The following theorem of Artin is fundamental to the rest of the section.

Theorem 11 The above formulae give an action of the braid group on F,1;
moreover, the action is faithful.

The action of By, is such that on the Abelianisation 7t of Fo41, the
action is by the symmetric group S, and the kernel of the map B,+; —
Sp+1 1s the pure braid group P4 1.

The action of the generators A, of the pure braid group P,4; can be
worked out (from these formulae for the action of s;) ([5], p. 25, Corol-
lary 1.8.3):

Ar,x (xi))=x; (<rori>s), Ar,s (xr) = (xpx5)xr (xrxs)_lv
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16 T.N. Venkataramana

-1 -1 .
Ay (Xg) = XpX5x, Ay (xi) = [xr, xg1xi [ X7, Xs] (r<i<sys).

In particular, each generator x; of Fj | goes into a conjugate of itself under
the action of P, 1.

3.3 Action on certain subgroups and sub-quotients

Suppose F'is a group, and Q a quotient of F and K the kernel of the quotient
map F — Q. Then there is the exact sequence

l1-K—F—>Q0—1.

Denote by K! = [K, K] the commutator subgroup of K and by K* = K /K
the Abelianisation of K. Then the conjugation action of F stabilises [K, K]
and F acts on K. We may write K“® additively. The action of F on K%
is such that K acts trivially; hence the action of F on K descends to an
action of Q on K ab and hence K’ becomes a Z[ Q]-module where Z[ Q] is
the group ring of Q with Z-coefficients.

We have an exact sequence

0> K% > F/K'> 00— 1.

Suppose H C Aut(F) be a subgroup of the automorphism group of F' such
that H stabilises K and acts trivially on Q; then H acts on the foregoing
exact sequence and the action of H on K®® commutes with the action of Q
on K% therefore, H acts by Z[ Q]-module maps on the Q module K ab,

3.4 The Gassner representation

In the notation of Sect. 3.3, we take FF = Fy 1% F ,f_lil to be the free product of
the group F;,+1 and its Abelianisation Fr?—ib-l (written multiplicatively). Write,
temporarily, H for F, .. The Abelianisation of F is H%* x H. There is
the multiplication map m : H? x H given by (x, y) = xy. We have the
composite map ¢ : F = H « H® — H% x g % H Thisisa surjection
with kernel K, say. We then have a split exact sequence

1> K—> HxHY» 5 g _ 1.

The group in the middle is then a semi-direct product H * H% ~ K »x H,
since the exact sequence splits. Write the elements of the semi-direct product
as a pair (w, ) with w € K and r € H%. Write the image of the standard
generators x; of H in this semi-direct product group as a pair x; = (y;, X;).
Therefore y; and X ; generate the group F and hence the y; generate K as a
normal subgroup of F.
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Monodromy of cyclic coverings of the projective line 17

As in Sect. 3.3, we take the quotient of the group F by the commutator
subgroup [K, K], and get an exact sequence

which is still split over H*. Hence we may write the group in the middle
as a semi-direct product F/[K, K]1= K% x H%. An element of this group
is written as a pair (w, ) with w € K% and r € H; the conjugation by
t on K is simply multiplying by the element 7, when we view K% as a
module over the group ring Z[H ab), We write H = =F} ab 11 multiplicatively
in the form H = XZXZ n+1' Denote by e; the image of y; € K in the
Abelianisation K%’. By the conclusion of the last paragraph, the elements e;
generate K’ as a module over the group ring Z[ H?]:

n+l

ab — ZZ[Hab](ei)-
i=l

We will now show that K?? is a free module over R with e; as basis. Write
R = Z[H). We will view R as a module over the multiplicative group H®
by the formula x(f1, ..., fur1) = (xf1, ..., xfur1) Where x € H is viewed
as a unit in R. Let (§;);<n+1 be the standard basis of R™*!. Form the semi-
direct product H = R"+! x H’. We then get a homomorphism from the free
product H s H? into H by specifying the homomorphism on the generators
xi — (&, X;) and 1 — (0,71) € H = R"t! x Frf_fl . Then we get a homo-
morphism H % H which takes y; to the element &;. Therefore, we get a
homomorphism of R modules from K¢’ into R"*! which sends e; into the
basis element &;. This shows that the e; are linearly independent over R; the
last line of the preceding paragraph tells us that the e; span K. Hence the
e; form a basis of K and

n+1

ab =Rn+l =@Rel
i=1

We now write the product of two elements x = (w,t), y = (w',t) €
F,i1 =K% x H*_ The product is given by

y=w,Hw,t)=(w+rw't )= (w+t(w), ).
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18 T.N. Venkataramana

The inverse of x = (w, 1) is x ' = (=t 1w, 1. An easy induction shows
that

n+1

(1, 1) (W2, 12) - (Vg1 tag1) = (letz---ti1vi,t1t2---ln+1)-

i=1

In this formula, v; are vectors in K¢? and K?’ is viewed as an R-module.
The following lemma is an immediate consequence of these formulae and the
formulae in Sect. 3.2.

LemEa 12 Let x;, x5 € Fy+1 = H be as before and (e,, X,) =X, (es, X5) =
xs € F = F/[K, K] be their images in the quotient group F/[K, K] (which
is a semi-direct product). Then we have the formulae (read in F)

xrxsxr_1 = (e, + Xrey — Xser, X5) = ((1 — Xs)er + Xrey, Xs), ()

xrxsxrxglx;l = (er + X, (e5) + X, X (er) — sz(es) — Xrer, Xr)a 3)

[xr, xs] = (1 — Xy)e, — (1 = X, )es and 4

[y, xg1oi [x, X171 = (e + (1 — Xi)vrg, Xi) 5)
= (ei + (1= X)(1 = Xs)er

— (1= X)(1 = Xp)es, Xi). (6)

The braid group B, acts on the free group F,+| and hence acts naturally
on the free product F = F,, 4| * F n+1 The preceding map F — F = H% x
HY — Hab i equivariant for the action of B,y (and B,4 acts via the
finite group S, on the Abelianisation F ;?4]7—1) Hence B, 4+ acts on the exact
sequence

l—>K—>F—>H“b—>1,

and the pure braid group P, acts trivially on F abl = H . We are therefore
in the situation of Sect. 3.3, and hence, as in Sect. 3.3, the group P, acts by
Z[F; ab J1]1=R- module maps on K ab We can now compute the action of the
standard generators A, of the pure braid group P,4; on the images of x; in
the quotient group F/[K, K].

(1) Recall that A, s(x;) =x; if i <r —1ori>s+ 1. From Lemma 12, it
follows that A, s(e;) = ¢; for these i.
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(2) Ay (x) ="% (x,). When this equation is read modulo [K, K], we see
from Lemma 12 that

Ar,s(er)Xr :Ar,s(erXr) :Ar,s(xr) :erXresXs(erXr)Xs_les_lXr_ler_1~

Cancelling X, on the right on the left most and right most sides of this
equation, we see that

Arsler) =0 =X, + X, Xg)er + X (1 — X )ey.

(3) The equation A, ;(x5) =" (x;) becomes, modulo the subgroup [K, K],
the equation

Ars(es)Xs = ((1 — Xs5)er + Xres)Xs~
(4) If r <i < s then by Lemma 12,

Ars(e)Xi = Ars(xi) = (x;)
=(ei + (1 = X)((1 = Xy)er — (1 — X,)ey)) X,
or
Ars(ei) =ei + (1 — X)) ((1 = Xy)e, — (1 — X, )ey).

These equations imply that with respect to the basis e; of K* = R"*! the
action by P, 1 on the R module K is exactly the Gassner representation
Gn(X): Pyy1 — GL,+1(R) (see [5], p. 119, formulae (3)-(24)).

Notation The ring R = Z[X lil, s X,ill] of Laurent polynomials in
n + 1 variables with integral coefficients, is an integral domain. Let 2 =
Q(Xq,..., Xpt1) be its field of fractions. We have the free R-module
Kb Z”H Re;. This may be thought of as an R submodule of the £2 vec-
tor space K% @pr 2= Z"“ £2e;. We may write e; = (1 — X;)v; for some
vector v; € K ® £2.

Now the full braid group B, 41 acts on R via S, by permuting the indices
X; of the generators (and the pure braid group acts trivially). Hence B, acts
on £2 by field automorphisms. We denote this action, for g € B,4; and A € 2,
by (g, A) — g(). The action of B, on K’ ® £2 is not linear over §2 but is
“twisted linear”: if A € £2, g€ By,41 and w € K% then gAw) =g g(w).

Lemma 13 Let v, = ﬁei with e; and R as before. The R module
@"+1 Rv; is stable under the action of P4 1.
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20 T.N. Venkataramana

Proof Since P,y acts by §2-linear maps, it suffices to show that for every
g € P,y and every v; the translate g(v;) is an R linear combination of the v;.
We will in fact prove more; we will show that for every generator s; of the full
braid group By, the translate s;(v;) is an R linear combination of the vy.
The group B+ acts by twisted 2 linear maps as before and not by £2 linear
maps; however, it takes an element Aw € K ab_ with A € R and w € K into
an element of the form pg(w) and hence preserves the space ) ° Rv; provided
each v; is mapped into an R linear combination of the vy. We now need only
check that for each generator s; of B, and each vj, the translate s; (v;) is
an R linear combination of the vectors vy, ..., Uy41.

Suppose j #i,i + 1. We have s;(x;) = x; for j #i,i + 1. Therefore,
5i(Xj) = X;. Since x; = (¢;, X;) it follows that s;(e;) = e;. We now write
ej = (1 — X;)v; and note that s; acts trivially on X ;. Hence

(1= Xjvj=e;=si(e)) =si((1 — X))v))
= (1 —S,‘(Xj))si(vj) =(1- Xj)si(vj)-

This shows that s; (v;) = v;.

Suppose j =i. Then s;(x;) = x,-x,-Hxi_l = [x;i, Xi+1]xi+1. We have ex-
pressed a commutator in terms of the e; (see (4) in Lemma 12): hence the
commutator [x;, Xj+1] = (1 — Xi+1)e; — (1 — X;)e;+1. Therefore,

(si(e), Xix1) =si((ei, X)) = ((1 = XigDer — (1 — X)ejr1 + eiv1, Xi1).

Comparing the extreme left and right hand sides of this equation, we see that
si(ei) = (1 — X;11)e;i + Xjei4+1. Now write ¢; = (1 — X;)v; and similarly for
ei+1. Then we have

(1= Xig1)si(v) =si((1 = Xpvi) =si(e)) = (1 — XipDei + Xieiq
=1 =X = X)vi + Xi (1 = Xi41)vig1-

Cancelling (1 — X;1) on both the extreme right and left hand sides of this
equation, we get

si(vi) = (1 = Xi)vi + Xiviy1.

Suppose j =i + 1. Then s;(x;+1) = x;. Reading this as in Lemma 12
we get si(ej+1, Xi+1) = (e, X;) and s;(X;4+1) = X;. Therefore, we get
si(ei+1) = e;. Writing ¢; (1 — X;)v; we see that

(1= Xi)si ig1) = si((1 = XigDvig1) =sileir1) =¢; = (1 — Xp)v;.
Comparing the extreme right and left hand sides of this equation, we get

5i(Vig1) = ;.
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From the last three paragraphs, we see that each s; (v;) is an R-linear combi-
nation of the v;. Therefore, the lemma follows. O

Lemma 14 Ser ¢; = v; — vj+| for 1 <i < n. Then the R module generated
by {e; : 1 <i <n} is stable under the action of P,y1.

In particular, with respect to the basis €1, ..., &, the transformation T; =
si2 has the matrix form

1 0 0
Xi(l—=Xiy1) XiXiy1 1-X;| 1,3,
0 0 1

where the 3 X 3 matrix is with respect to the basis elements €;_1, €;, &+1
and sl.2 acts as identity on the basis elements ¢ for the other indices j. In

. 2 .
particular, s are complex reflections.

Proof As in the proof of Lemma 13, because the full braid group acts by
“twisted” §2 linear maps on K“? @ £2, it suffices to check that the full braid
group preserves the R module spanned by the ¢;.

We use the formulae in the proof of Lemma 13. Suppose j + 1 < i. Then

si(ej) =si(Vj —vjy1) =Vj —Vjy1 =&

Similarly, s;(¢;) = ¢; if j > i + 1. We now get from the formulae for s; (v;)
and s; (v;41) obtained from Lemma 13, that

si(ei) =si(vi —vig1) =1 = X)v; + Xjvip — v = —X;&,
si(&i1) = 5i(Vit1 — Vit2) = Vi — Vi42 =& + &iy1.
Finally,
si(gic1) =si(i—1 —v) =vi—1 — (1 = X)vi — Xivip1 =61+ Xiéi.

This proves the first part of the lemma.
To prove the second part, we must compute siz(s DI j+1<iorif j>
i + 1 then s;(¢;) = ¢;; hence sl.z(s_,-) = ¢;. We now compute sl.z(si_l):

si(si(ei—1)) =si(eim1 + Xigi) = si(ei—1) + Xiy15i(€i)
=¢i—1+ Xigi + Xit1(=Xig) =¢i—1 + Xi(1 = Xit1)&i.

Next we compute
s7(ei) = si(—Xiei) = —Xiy1si (&) = Xit1Xiei.
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Finally,
st(eir)) =si(ei +eig) =—Xigi + & +eip1 =1 — X)ei + &1, O
3.5 Aninvariant element in the Gassner representation

The product element x1x2---x,41 € Fy41 is invariant under the action of
the braid group B, +1. The image of xjx3 - - - x,41 in the semi-direct product
group F/[K, K] is therefore invariant; since the image of x; is written as
(e;, X;), it follows from the formulae before Lemma 12 that

x1x2 - Xpy1 = (€1 X1)(e2X2) - (en+1Xn+1)
= (e1+ Xi(e2) + X1X2(e3) + -+ X1 X2+ Xp(eny1),
X1X2 Xnq1)-

Therefore, the element

n+1
v=) XiXo- - Xii(e) € K ™)
i=1

is invariant under the action of the pure braid group. Moreover, since all the
coefficients X1X» --- X; of v are units in the ring
+1 £l +1
R=Z[X{ . X5, ... X2 ].
it follows that v is part of a basis of K% = @?:11 Re; = R"*!. Consider
the quotient module V,(X) = K ab /Rv. Then V,,(X) >~ R" and is a module
over P,11. Let 2 be the field of fractions of the integral domain R. Then

Vu(X) ®g £2 is called the reduced Gassner Representation over §2 the field
of fractions, and is denoted

gn(X) : Ppy1 — GLy(82).
3.6 A supplement to the space of invariants

We will now find a sub-module W, (X) which has zero intersection with the
space Rv of multiples of the invariant vector v in the (non-reduced) Gassner
representation, which is stable under the action of the pure braid group P,

and is free of rank n over R. We will view K% = @?;Lll Re; as a subgroup of

the £2 vector space 2" = K @ 2 = @?;rll e;. Write e; = (1 — X;)v;,
with v € 2711,
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The calculations of Lemma 12 show that the R-module L = @:’;Lll Rv; is
stable under the action of the pure braid group P,+1. The lemma also implies
that the free R sub-module

n
W= @Rg,- ~ R",
i=1

(where ¢; = v; — v;j4+1) is stable under P,1;. We note that the commutator
[xi, xi+1], (see 4 in Lemma 12) viewed as an element of the kernel K ab hag
the form

[xXi, xit1]= (1 = Xi)eiy1 — (1 — Xiq1)e;
=1 =X) = Xit )i — vig1) ®)
i.e.
[xi, xit1]=(1— X)) (1 = Xit1)ei. 9)

Asan R module, W is a summand of L: L = W @ Ruv, 4 (since &; = v; — v 41
form a basis of W). It can be proved that W is not a direct summand as a
module over P, ; however, it is so, when all the modules are tensored with
the field £2:

LR =0"""=WwWe e,

where v = Z;’:ll X1---Xi_1e;. Write m = X1 ---X; and ¢; = (1 — X;)v; as
before. Then the invariant element v of 7 can be written as a linear combina-
tion of ¢; and ¢;,41:

v=>—m)e1+ (1 —=m)er+++ (1 = 7)8n + (I = Ty vas1 € L. (10)

We will refer to the P,1; module W = @ Re; > R" as the reduced Gassner
representation over the ring R. We will later consider the reduction (modulo
ideals of R) of W to obtain specialisations of the reduced Gassner represen-
tation. Over the fraction field §2, the representation W ® 2 is isomorphic to
the quotient K** ® £2/£2v and hence the terminology is consistent with the
end of the preceding subsection.

4 Properties of the Gassner representation

In this section, we prove some properties of the Gassner representation and
its specialisations. We first construct (in Sect. 4.1) a skew Hermitian form on
the reduced Gassner representation, which is invariant under the action of the
pure braid group. The existence of the form is due to [10] (see also [6]), but the
construction for the basis &; defined in the previous section, may perhaps be
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new. Using this form, it is easy to decide when specialisations of the Gassner
representation (especially d-th roots of unity) are irreducible.

It turns out that the specialised reduced Gassner representation is irre-
ducible if and only if the form is nondegenerate. When it is degenerate, we
will get, in the image of the Gassner representation, many unipotent elements
(Proposition 19). This is crucial to our proof of arithmeticity (Theorem 16).

4.1 A (skew) Hermitian form preserved by the pure braid group

It is known (see [10], Theorem 3.3) that the Gassner representation has a
skew-Hermitian form invariant under the action of the pure braid group. To
compute this form with respect to the “e”-basis {¢; : 1 <i < n} of the reduced
Gassner representation, we proceed as follows. Since the matrices sl.2 act by
complex reflections, and ¢; is the unique (up to scalar multiples) eigenvector
with eigenvalue X; X; 11 # 1, it follows from Lemma 7 that the group gener-
ated by the sl‘2 acts already irreducibly on R" ® §2, where £2 is the field of
fractions of R. Further, since si2 are unitary, the eigenvectors with eigenvalue
=1 of si2 are orthogonal with respect to £, to the eigenvector ¢;. Hence ¢;
and ¢&; are orthogonal if |[i — j| > 2.

The ring R has an involution given by X; — Xl._1 =Y;. Since our form
is to be skew Hermitian, we have that /i (gq, 1) is an element of R which is
“imaginary” (i.e. it goes to its negative under the involution). We normalise it
so that

1-X1X2
(1= X1 - X))

Consider the element A (e, €2); the invariance of & under forces the equation

h(er, 1) =

h(e1, &2) = h(si(e1), si(e2)).

Since slz(sl) = X1X»2¢1, and S12(82) = (1 — X1)e1 + &3, the invariance of h
and the chosen value of h(eq, £1) imply
—X 1—X2X;3
, h(ez, e2) = .
1— X, (I =X2)(1 — X3)

h(er, &) =

We can proceed in a like manner. Thus the n x n-matrix 7 (X) = (h;;) of the
skew Hermitian form is

1-X1 X, 1
T—XnN(I-X2) X, 0 0 .. 0
__ X 1-X0X3 1 0 0
h(X)= 1-X» (1-X2)(1-X3) —X3
B X3 1—-X3X4 1 0

S 1-X3 I-X3(1-Xs) — 1-X4
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Thus the invariance of 4 implies that £ is the above matrix (once the value of
h(eq, €1) is normalised as above).

The natural formula for 4 (X) given above takes values in the ring R’ which
is generated by R together with the inverse of the element ]_[”+1 (1—X;).One
can clear denominators and ensure that . (X) takes values in R. Therefore
gn(X)(Pp+1) C Uh(X))(S), where S is the sub-ring of R invariant under
the involution f — f on R given by X; X; ! The unitary group U (h) is
an affine algebraic group scheme defined over S

U(h)(S) ={g € GLy(R) : h(gv, gw) = h(v, w) Vv, w € R"}.

The following result is due to [2] (the skew Hermitian form in [2] is for a
different basis):

Lemma 15

(1) The skew Hermitian form on (R") defined by the matrix h(X) is invari-
ant under the action of the pure braid group. Therefore, px(P,+1) C
U((h)(S), where S C R is the sub-ring of elements invariant under the
involution.

(2) The matrix h(X) has determinant

1 —-X1Xo-- XnXns1
I-XDA—=X2)--- (A= X)) = Xuq1)

(3) In particular, the skew Hermitian form h is non-degenerate.

Proof The form h was constructed under the assumption that it was invari-
ant under P,;;. Hence we need only prove part (2) of the lemma. Part (2)
of the lemma is proved by induction. Put X = (X1, X’) where X’ is the
n-tuple (X2, ..., Xu41); write X' = (X3, X”) where X” is the n — 1-tuple
(X3, X4, ..., Xn+1). Expand the determinant of the n x n matrix h,(X) =
h(X) by the first row; then £, (X) may be expressed in terms of 4, _;(X’) and
hu—2(X"):

1 —X1X, , X ,,
h,(X) = hp—1(X P E— X
=T xma - x X) - Gogee(Y):
Now induction on n implies the formula for the determinant of 4, (X). O

Suppose that a C R is a non-zero ideal invariant under the involution
f + f on R. Then the quotient map R — R/a induces a homomorphism
GL,(R) — GL,(R/a); the skew Hermitian form 4 descends to a skew Her-
mitian form A, on the quotient module (R/a)" and hence we have a homo-
morphism U (h)(S) — U(hq)(S/aN S); therefore we have a representation
8n,a: Pry1 = Uha)(S/anS).
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Now consider a homomorphism from the ring R = Z[Xiil; 1<i<n+1]
into the ring Z[w,4] of integers in the cyclotomic ¢xtensi0n E; = Q(ezdﬂ) =
Q(wq) (wq is the primitive d-th root of unity ezdﬂ). This homomorphism is
given by X; > t; where t; = a)s" is a d-th root of unity. Since all the k; are
co-prime to d, it follows that the group generated by each of the #; is all
of Z/dZ, the group of d-th root of unity. Under the homomorphism R —
Z|wq], the sub-ring S maps into the ring Oy of integers in the totally real sub-
field Q(2cos 27”) of the cyclotomic field E;. Hence we have the composite
representation, denoted

gn(k,d) : Ppyy = Uh)(S) = U(h)(Oa),

where k is the (n + 1)-tuple of integers (k1, k2, ..., kpt1)-
The following is the main result of the paper, from which Theorem 1 will
be deduced.

Theorem 16 Suppose d > 3, n > 2d and all the integers k; are co-prime
to d. Then the image I, = I = g, (k,d)(P,+1) (of the Gassner represen-
tation g, (k,d) at primitive d-th roots of unity) is a subgroup of finite index
in the integral unitary group U (h)(Og). In other words, the “monodromy
group” gn(k,d)(P,+1) is an arithmetic group.

The full braid group B, has a representation, called the reduced Burau
representation ([5], p. 118, Example 3),

Pn(q) : Byr1 — GLy(Z[q.q7']).

Since the restriction to P, of the reduced Burau representation at primitive
d-th roots of unity is the reduced Gassner representation g, (k, d) evaluated
at primitive d-th roots of unity (when all the k; are equal to 1), the following
Theorem is a special case of Theorem 16.

Theorem 17 Ifd > 3 and n > 2d and all the k; are 1, then the image of the
Burau representation

pn(d) : Byy1 — U(h)(Oq)

evaluated at all primitive d-th roots of unity, is a subgroup of finite index. In
other words, the monodromy group p,(d)(By+1) is an arithmetic group.

Theorem 17 was proved in [21], by using properties of the Burau represen-
tation at roots of unity, and by using induction for all n > 2d. The proof of
Theorem 16 is similar, and we use properties of the reduced Gassner repre-
sentations at roots of unity. These properties are essentially well known, but
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we need a precise form of these results. Theorem 16 will be proved at the end
of this section, after many preliminary results.

4.2 Irreducibility

As we have seen before, the reduced Gassner representation has a nondegen-
erate invariant skew Hermitian form /s with values in the field of fractions
§2 of the ring R = Z[X?H, e X,jil] of Laurent polynomials, which is pre-
served by the group P, under the Gassner representation. This was deter-
mined on the basis ¢; in Sect. 4.1. By Lemma 14, it follows that the elements
sl.2 are complex reflections.

Proposition 18

(1) If R = Z[Xftl, X;El, e X,iil], and 2 is its quotient field, then the re-

duced Gassner representation
Gn(X): Pug1 = GLy(R) C GL,(£2),

is irreducible.
(2) The central element A% € P,+1 where

A=Ay =(s152--85p) (5152 Sp—1) - - - (5152)(51),

acts by multiplication by the scalar XX+ Xu+1 on the reduced
Gassner representation.

(3) If W C R" is an additive subgroup stable under the action of P,y then
there exists a scalar A € R such that .(R") C W.

Proof (1) At the beginning of this subsection, we have verified that the condi-
tions of Lemma 7 are satisfied. By the result of [10] quoted earlier, £2" admits
a nondegenerate Hermitian form. Therefore, by Lemma 7, the representation
gn(X) is absolutely irreducible.

(2) The element A? is central in P,4; by part (1), the central element
acts by a scalar, call it A. Write m,,4; for the product X1 X5 --- X,,+1. We
compute the scalar A by finding the effect of A% on the element e;. Consider
the element x| € F, 1. A calculation (see the formulae for the action of s; on
the free group Fj,, in Sect. 3.2), shows that the action of A on xj is given
by (notation: in a group, ¥ (x) = yxy 1)

A% (xp) =12 (xy),

@ Springer



28 T.N. Venkataramana

In the semi-direct product K % F,11, the element x; maps to x; =
(ei, X;) = €; X;. Hence this equation then becomes

A*(ei, Xi) = A% (e1 X)) = (vps ) (er X D), o
= (may1e1 + (1 — XDv, X1).
Comparing the vector parts, we get
A*(e)) = X1 Xz Xppi(en) + (1= Xp)v.

This is in the Gassner representation space K%’. Going modulo the line
through v, we see that

A%(e)) =Tr1e1 = X1 X2+ Xpr1e1  (mod Rv)

in the reduced Gassner representation. This proves part (2) of the proposition.

We will now prove part (3). Fix i with 1 <i < n. The group P;;+1 op-
erates on the R module generated by €1, ..., ¢&;. This module is nothing
but the reduced Gassner representation g;(X). Consequently, the element
Ci = (Al.z) acts by the scalar X;--- X; 41 on the vectors €1, ..., &;. More-
over, siz(si) = X; X;+1(¢;). In particular, the group H; generated by the el-
ements X1---Xj+1, X1+ Xit2,..., X1 Xnt1; Xi Xi41 has the property
that the I" module generated by ¢; contains all elements of the form /(¢;)
for every h € H;. Note that H; is also the group generated by the elements
X1 Xiy1, Xit2, ..., Xnyt1, Xi Xi41 (successive ratios of the previous set
of elements, together with the first and the last one of the previous set of
elements).

Thus the group H generated by Hiy,..., H, is the group generated by
X1X2, X3, ..., Xnyt1 (contribution from i = 1) and X7 X3 (contribution from
i =?2). This is clearly the group generated by X1, ..., X;,+1. By Corollary 2,
this means that there exists a A # 0 in R such that AXIZ e X%H (&;) lies in
the I"-module generated by all the ¢;. Since monomials in the X; generate R,
this means that A(Re;) C Z[I']¢; for all i, j.

Now, the additive group W stable under the action of I" = P, has the
property that it contains a non-zero scalar multiple p(e;) forall i by Lemma 7.
Hence A (Re;) C W. This is (3) of the proposition. O

Notation Suppose a is a prime ideal in R invariant under the involution on
R given by X; — X ! for each i. Consider the integral domain A = R/a.
Let B denote the invariants in A under the involution. We get the correspond-
ing reduced Gassner representation g,(A) on the module @;_, Ag; of P, 1.
Write #; for the image of X; under the quotient map R — A = R/a. The
skew Hermitian form 4 reduced modulo a gives a skew Hermitian form on
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A" and the image of P, under g,(A) lies in U (h)(A). Let E denote the
quotient field of A. Then W (A) = @ Ae; is a subgroup of the E-vector space
W(E) =& Es;.

Proposition 19

(D) If t1---ty41 # 1 then h(A) is non-degenerate and the representation
gn(A) is irreducible.

(2) The central element A,% of Pyy1 [Where Ay, = (s1---sp) -+ - (s152)s1] acts
by the scalar t| - - - t,41 on the representation g,(A).

(3) If t1---tyy1 # 1 then every nonzero P,1-invariant subgroup of A" =
&P Ae; contains L(A™) for some non-zero element A € A.

The proof of Proposition 18 can be repeated for the quotient R/a in place
of R.

5 Proof of Theorem 16

We will first prove some preliminary results on the reduced Gassner represen-
tation at d-th roots of unity. We will then use induction to deduce Theorem 16
from these results.

5.1 The reduced Gassner representation at roots of unity

Consider the reduced Gassner representation g, (k) : P,+1 — GL,(R) where
R is the Laurent polynomial ring in n 4 1 variables X; with integral co-
efficients and R" is the free module W, (X) = EB?:] Re;. We now spe-
cialise to X; — t; = t%i. The resulting representation is from P,,; into
GL,(Ay) C GL,(E;) where Eg is the d-th cyclotomic extension of Q and
Ag the ring of integers in Eg4, and is denoted g, (k, d). Denote the vector
space W, (k,d).

Lemma 20 The reduced Gassner representation evaluated at all primitive
d-th roots of unity is irreducible if and only if tity - - - th+1 # 1.

When ty - - - ty4+1 = 1, the representation space W, (k, d) of the representa-
tion g, (k, d) contains a non-zero invariant vector w and the restriction of the
quotient representation Wy (k,d)/Eqw to the subgroup P, is isomorphic to
gn—1(k,d). If we denote the quotient representation by g, (k,d), then g, (k, d)
is irreducible.

If we denote by m; the product tty - - - t;, then the invariant element w €

W, (k,d) is given by
w = Z(l — 7Tl')8,'.
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Proof 1f t1 ---t,4+1 # 1, then the specialisation of the Hermitian form / at
f1, ..., tp+1 has non-zero determinant, by Lemma 15. Therefore, by Lemma 7,
the representation g, (k, d) is irreducible.

Suppose ¢t - - - t,4-1 = 1. Consider the element

v=ejttiea+ -+l th—16n F 2 Iyy1€ny].

This is the vector part of the P, | invariant element x1x3 - - - X,,4-1 in the semi-
direct product K%? x t%, and is hence invariant. The expression for v in terms
of &; and v, 4| shows that

n
v=Y (I—ttr-1)ei + (1 =11 by ) Va1
i=1

By assumption on the #;, the coefficient of v, is zero, and hence v lies in
the reduced Gassner representation W, (k, d) (the span of the ;).

Let P, be the set of pure braids in the group generated by s3, 53, ..., 5.
The module W = W,,(k, d) is spanned by the vector v and €5, ..., &,. There-
fore, g, (k, d) restricted to P, splits into a direct sum of the modules Rv and
gn—1(k, d); the latter is irreducible by part [1], since 12131541 = tl_1 # 1.
We have therefore proved that the representation g, (k, d) restricted to P, is
the representation g,_1(k, d) and is irreducible for the subgroup P,; hence it
is irreducible for the bigger group Py, 1. 0

The lemma is due essentially to Abdulrahim [1] and [2]. We have derived

the lemma since we need the explicit formula for the invariant element, in
terms of the basis &;.

5.2 Gassner representations with degenerate Hermitian forms

Suppose that #; are all primitive d-th roots of unity and that ##---1, = 1.
Consider the basis €1, ..., &,—1 of W. This contains the element

p—1
w=Y (1-1)s.
i=1

Therefore, it is part of a basis of W: w, &3,...,&,_1. Since w is invariant,
with respect to this basis, every element g of the pure braid group P, has the

matrix form
1 v
0p—2 «
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where « is the matrix of g acting on the quotient W /E w with respect to the
basis &, €3, ..., &p—1. The element C' = (A)? where

AN =(s2---5p)(s2++-5p—2) - (5281)(52),

is central in the pure braid group P, and hence acts by a scalar on the
irreducible representation; the scalar is #2531, =t ! # 1 (by part (2) of
Proposition 19). Therefore, the commutator

o=le1=(o), 1")

Op—2 1p2
acts by an upper triangular unitary matrix.

Proposition 21 Let ty,...,t, be primitive d-th roots of unity with ty ---t,
= 1. Consider the representation g(p,t) : P, — U(h)(Oy), the reduced
Gassner representation g(p, X) specialised to X; — t;. Then

(1) The unitary group U (h) has a unipotent radical isomorphic to the P,_;
module W*, where W is the reduced Gassner representation g(p — 1,1).

2) Ifg= s12 and A’ is as in the preceding paragraph, then the image of the
element u = [g, (A")?] under the reduced Gassner representation g(p, t)
is not identity.

(3) The conjugates {huh™'} of u for h € Py generate a subgroup of finite
index in the integral additive subgroup W*(Ogq) of W*.

Proof Part (1) is obvious.
The vector
p
w =Z(1 — - 1)E

i=1
(notice that the coefficient of ¢, is zero) is orthogonal to all the vectors
€1,...,€&p and is invariant under all of P,. We can consider the basis B’
given by w, &2, ..., ¢, of the vector space W = @le &i. Now S12 fixes w.
By Lemma 14, we have the equalities slz(sz) =g+ {0—-—ner=+w-—
(I—-nt)ey—---—{A—t1---15)ep, and 512(81-) =1 for i > 3. Therefore the
matrix of sl2 in this basis B’ is of the form

1 1 0 ... 0
0 nn 0 ... 0
g(pvt)(slz): . . . .
0 0 0 1
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Consider the pure braid group P[/)f1 generated by s%, s slz,. The subspace
spanned W’ by €, ..., ¢, is left stable under P;_l and the resulting repre-
sentation is the Gassner representation for PI;_I. Consequently, the element
(A")? acts by the scalar c =1 - - - ty = tfl # 1 on W’. Moreover, (A’)? fixed
the vector w. Hence with respect to the basis B’ the element (A’)? has the
matrix

1 0 0 0

N R 0
so((A))=1. . .
0 ...0 0 ¢

It is then clear from the above matrix forms that the commutator of sl2 and
(A")? has the matrix form

1ol d=eh L0
0 1 .0
8.0 =g(p.0([s7. ()] = | | , L
0 0 1

In other words, this lies in the vector group W*(O,) and is a non-identity
element (since ¢ # 1). This proves part (2).

Consider the image (under g(p, t)) of the group generated by the conju-
gates huh ™! of u by elements / (of the smaller braid group P, generated
by 52,53, ...,5p—1). This image may be identified with an additive subgroup
A of the vector group W™ where W'* is dual of the reduced Gassner rep-
resentation W’ at d-th roots of unity for Pp_1. It follows from part [3] of
Proposition 19 that the additive subgroup A contains a subgroup of finite in-
dex in the (dual of the) vector group

14
W' (Ag) ~ @ Age;.
i=2 U

We now consider the “next” pure braid group P, with t1#p---1, = 1.
The Gassner representation takes P, into a unitary group U (h). The prod-
uct tytp - -tp41 = tp41 # 1 since all the #; are primitive d-th roots of unity.
With respect to the basis w, &2, ..., &,_1 and ¢, the matrix of the commuta-
tor u = [s12, (A")?] now takes the form

1 vooA
u = Op—2 1[7—2 v y
0 0 1
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and the group generated by the conjugates {mum ™' :m € Pj_1} is a subgroup

of finite index in the Heisenberg group H (X) where H (X) is the subgroup of
U (h) which acts unipotently on the flag

EjwCE;w+XCV,

where X is the span of 2,...,&,_1, and V is the span of ¢y, ..., &, (the re-
duced Gassner representation). Hence the Gassner image contains a subgroup
of finite index in the unipotent integral Heisenberg group H (X)(Oy).

Proposition 22 Let 11,1, ...,1p,tp41 be primitive d-th roots of unity such
that tit; - - -1, = 1. Denote by I'j, the image of the Gassner representation

gpk,d): Ppy1 — U(h)(Oq) C GLy(Ag).

Then

(1) there exist two opposite maximal parabolic subgroups P and P~ of U (h)
such that the image I'y, intersects the integral unipotent radicals Up(Og)
and U p, (Og) in subgroups of finite index.

(2) In particular, if K — rank(U (h)) > 2, then the image I'), is an arithmetic
subgroup of (i.e. subgroup of finite index in) U (h)(Oy).

Proof Since tity---tp41 = tp41 # 1, it follows that the Hermitian form
h = h, is non-degenerate. Therefore, the unitary group U (h) is reductive.
Denote by V=V, =E fl) the natural representation of U (h) (Ey is the d-th
cyclotomic extension of Q).

We have already seen in the paragraph preceding the statement of the
proposition, that I, contains a subgroup Uy of finite index in the integer
points of the Heisenberg group H (X). Recall that H (X) is the unipotent radi-
cal of a parabolic subgroup P (i.e. P is the normaliser of H (X) in the unitary
group U (h)). We will now prove that there exists a conjugate of Uy in I')
which is an arithmetic subgroup of an opposite unipotent radical.

By assumption, there exists an isotropic vector v = Z{:ll (1 —m)e (tis
orthogonal to all the &; with i < p — 1 and is therefore orthogonal to itself).
Consequently, we may find a basis

*

*
V=W, e, Wy Xy eeny Xg, WYsoon, W)

of V where x; are orthogonal to the w; and w;k, w; are isotropic mutually or-
thogonal vectors, similarly, w;" are mutually orthogonal isotropic vectors, and
w’(w;) = §;; (the Kronecker delta symbol). The intersection of the diagonals
with U (h) then gives a maximal torus defined over K, which is maximally
K-split over K. N(T') denotes the K-Weyl group and x denotes the longest
element in the K-Weyl group.
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The following Zariski density statement is very likely true in greater gen-
erality (cf. Lemma 11.5 of [6] and Lemma 4.4 of [11]), but we will need only
this weaker version in the course of the proof.

Lemma 23 Suppose that I' C U(h)(Oy) is the image of the pure braid group
under the reduced Gassner representation. Suppose that I, contains a finite
index subgroup of the Heisenberg group which can be viewed as the integral
unipotent radical of a (maximal) parabolic K 4-subgroup of U (h) and that
I' acts irreducibly on the reduced Gassner representation (i.e. suppose that
f1ty -+ - tyy1 # 1). Then, the Zariski closure of I}, contains the special unitary
group SU(h).

Proof We will use Proposition 8 of Sect. 2. The irreducibility of the action
of I, implies that the Zariski closure (intersected with SL, (C)) is reductive.
Since I, is assumed to contain a finite index subgroup of the group of integral
points of the unipotent radical given by the Heisenberg group, it follows that
if H is the Zariski closure of I, then H contains U, the group of the form in
Proposition 8. Then Proposition 8 implies the lemma. O

We continue with the proof of Proposition 22. By Lemma 23, it follows
that I, intersects the big Bruhat cell (the Zariski open set Ux P where « is
the longest Weyl group element above). Let y lie in the image I, and also in
the big Bruhat cell. Then y Py ~! = P’ is opposite to P and hence y Uy ~!
lies in I',. Therefore, the first part of the proposition follows.

To prove the second part, note that U (h)(O,) is a higher rank lattice con-
taining I". By part (1) of the proposition, I” contains a finite-index subgroup
of integral points of the unipotent radical of a parabolic K-subgroup. By
Lemma 23, I'" is Zariski dense. Hence by Theorem 4, the second part fol-
lows. 0

5.3 Proof of Theorem 16

Recall the notation: let k1, k2, ..., k,4+1 be integers with 1 <k; <d — 1 and
co-prime to d. Let wg = ¢?™'/¢ be a primitive d-th root of unity; write #; =
a)i;". Let Q(wy) be the d-th cyclotomic extension and A, the ring of integers
in Eg; denote by K, the maximal totally real sub-field Q(2 cos(2w/d)) of E,4
and Oy the ring of integers in K. Denote by g, (k,d) : P,41 — U(h)(O4) C
GL, (Ay) the reduced Gassner representation specialised at X; > ;. In this
section, for ease of notation (since we use induction and have to deal with
many indices) we denote by V,, the E; vector space spanned by €1, ..., &,
(this is the same as W, (k, d)).

Suppose s € B4 is an element of the full braid group, whose image in
Sn+1 1s the permutation 0. Now o operates on the Laurent polynomial ring
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Z[de, ey Xniil] by permutations of the X;’s. Given s, denote by u the

n X n matrix (u;;) such that

n
G(Si) =Zuj,~8j.
j=1

Recall that B, operates on the Gassner module W ® £2 by automorphisms
of the Abelian group, but not linearly over §2. Let s € B, 11, ¢ its image in
Sn+1. It easily follows from the construction of the Gassner representation
that, for all g in the pure braid group P, 1, we have the equality

g(n, X)(sgs™ ") =owo(gn, X)(g)ow) ™"

In particular, the image of g(n, X) is a conjugate, by an element in GL,, (R), of
the image of the twisted representation o (g(n, X)) = g(n, o (X)). Therefore,
if we wish to prove that the specialisation of g(n, X) at some roots of unity is
arithmetic, it is enough to prove it for the “twisted” representation o (g (n, X))
(the notation o (g(n, X)) means that the matrix entries of g(n, X) which are
elements of R acted upon by the permutation o of the variables X;).

We now begin the proof of Theorem 16.

Proof We first prove that there exist two elements v, v’ € EJ] which are lin-
early independent and mutually orthogonal with respect to the Hermitian
form.

Consider the d numbers ¢, t1f2, ..., t1tp---t;—1 and t1tp - - - t;. These are
d elements of the group g of d-th roots of unity. Therefore, by the pigeon-
hole principle, we have two possibilities: (a) one of these products is one, or
(b) two of them coincide.

Hence there exists a subset I C {1,2,...,d — 1, d} consisting of / consec-

utive integers such that [[;_,; i =1.Let I ={a+1,...,a +1}. Put

-1
B R S
i=1

By an earlier computation, v is orthogonal to all the ¢,4; with 1 <i <a + (.
Note that in the expression of v as a linear combination of the ¢;, the “last”
basis vector ¢,.; does not appear.

Similarly, there exists a subset J C {d + 1,...,2d} consisting of m con-
secutive numbers such that [ | ti=1;let J={b+1,...,b+ m}, where
b>1[+1. As before,

jeJ

m—1

v'= Z(l — o1 Ibt )b+t
j=1
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is isotropic and is orthogonal to all the &1 ; with 1 < j < m. Since the indices
of the ¢, occurring in v are of the form u =a +i with i </ — 1, it follows
thata +i < d — 1. Since the indices of ¢, = &5 ; occurring in the expression
for v are of the form v = b + j > d + 1, it follows that v — u > 2. Therefore,
v, v are orthogonal.

Therefore the E;-rank of the span of the vectors e,41,..., &4 and
Eb+1s-- - Ebt+m 18 at least two.

By the remarks preceding the beginning of the proof of Theorem 16, we
may assume that a = 0 and b = [, after a permutation o of the indices, so
that t{---t; =1 and 741 - - tj4m = 1. Therefore t; - - tjm+1 = H4m+1 £ 1
and V,, is non-degenerate if n =/ + m. By Proposition 22, the group I74,
intersects two opposite integral unipotent radicals U ;,F and U, in subgroups
of finite index. By the conclusion of the preceding paragraph we get that for
n =1+ m, the group U (h) has K-rank at least two, and therefore the group
I, is arithmetic, by Theorem 4.

If the theorem is true for some n > [ 4+ m, then we will prove that it is true
for n 4 1. There are several cases to consider.

Let V =V, (resp. V,4+1) be the span of ¢y, ..., &, (resp. &€1,..., &nt1).
Let V, be the span of €3,...,&,41. Then, the intersection V, NV, is the
span of €2, ..., &,. Therefore, V,, NV, contains a subspace W” which is non-

degenerate and contains an isotropic vector (e.g. take W” to be the span of
L5 EI41s -+ s El+m+1)-

Case 1. Assume that V,,, V,;, Va1 are all non-degenerate. Since n > [ +m
the K-rank of U (h,41) and U (h,) are both > 2. By induction assumption,
U(V,)NT is arithmetic and U (V,)) N I" is arithmetic. By Lemma 5, U (h,41)
is also arithmetic.

Case 2. V41 is non-degenerate but V, is degenerate. Then by Proposi-
tion 22, U (hy+1) N I' is arithmetic. Similarly, if V,,1; non-degenerate but V,
is degenerate, I;,4+1 can be proved to be arithmetic.

Case 3. V, 41 is degenerate. Then V, | contains a one dimensional null
space E4v and by induction, the image of I" in U(V,41/Av) is arithmetic.
However, by part (3) of Proposition 21, the group I” intersects the integral
unipotent radical of U(V,41) in a finite index subgroup. Therefore, I" con-
tains a finite index subgroup of the integral unipotent radical of U (k) and
maps onto a finite index subgroup of the reductive Levi part of U (h)(Oy).
Hence I" is a subgroup of finite index.

If n > 2d, then in the above notation, n > [ + m. Now the three induction
steps proved above imply that the group I, is arithmetic. U

6 Homology of cyclic coverings

In this section, we will view the first ()-homology of certain index d sub-
groups of the free group on n + 1 generators, with essentially a direct sum
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of the reduced Gassner representation evaluated at d-th roots of unity. The
proof is a little indirect, since it does not seem possible to get a natural basis
of the homology of index d-subgroup, which generates the relevant Gassner
representation. Instead, we replace the free group F, 41 on n 4 1 generators
with a free product of F, | and an auxiliary Z (the free product is then the
free group on n + 2 generators). It seems easier to identify the homology
of a finite index subgroup of the latter, with a specialisation of the Gassner
representation.

6.1 Image of homology

Let k1, ka, ..., ky,4+1 be integers co-prime to d with 1 < k; <d — 1. Write
k= (ki, ka2, ..., ky+1). We get a homomorphism from the free group F,,+1 —
7./d7 (the latter written multiplicatively as g%/g%%) by sending x; to the
element ¢%i . Denote by K (k, d) the kernel to this map. We have thus an exact
sequence

11— Kok,d) = Fyi1 —> Z)dZ — 1.

Being a subgroup of finite index (in fact of index d) in F, 41, the group
Ko(k, d) is also free on n6 generators, with

(1—ng)=d(1—@m+1), ie ny=1+nd.

Since the k; are co-prime to d, the image of x; generates Z/dZ; hence there
exists an element & € F, ;| such that its image is g. Then the elements z; =
x;& % lie in the kernel K¢(k, d); moreover, the elements £ and {z; : 1 <i <
n + 1} generate F, ;1. Hence the z; and Sd generate the kernel Ko(k, d) as a
normal subgroup of Fj,;: if we go modulo the normal subgroup generated
by the z;, then the resulting group is generated by the image of £ and maps
onto Z/dZ.

The first homology group Vo = Ko(k, d)®® ® Q with Q coefficients of
Ko(k, d) is therefore a vector space of dimension n6 =1+ nd over Q. We
have already seen that this homology group is a module over the quotient
group Z/dZ, and is hence a module over the group ring Q[¢]/(g? — 1). As
a Q vector space, Vj is generated by the elements £/(z;): (2<i <n+ 1 and
0 < j <d—1)and the element £¢. Hence these elements form a basis of the
first homology group over Q.

We first find the invariants VOG in Vp under the action of the group G =
7Z/d7Z. Since the image g of £ generates G, it follows that Vo = (Vo/(1 +¢ +
g @ VOG. In this decomposition, the element ¢ may be replaced by
g% for any i since k; is coprime to d.

We know that £9 € Vj is invariant. Moreover, xld € Vj is invariant under
conjugation by x;; but the conjugation action of F,,;1 on Vy descends to that
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d

of G and each x; generates G. Therefore, x; is invariant under G. We write

xlfl in terms of the x; = z;&%:

xl.d = Zi(l + qki + .. +qk,-(d—1)).
As an operator on V multiplication by the element M; = 1 + gk + ... +
g@=Dki is zero on non-invariants and d on invariants. Therefore, M; is in-
dependent of k; and hence xid =zi(l+qg+---+ qd_l). In other words the
Q-span of the xl.d is the space of all invariants VOG:

n+1

Ve =>_Q[x]. (11)
i=1

Consider the quotient Vé’i =VW/d+qg+---+ qd_l)Vo (ni stands for
non-invariants). This is a module over the quotient ring Q[¢]/(1+¢g +--- +
g?~1). By the discussion of the preceding paragraphs, the first homology Vj is
generated as a Q[g]/(g? — 1) module by (the images in the Abelianisation of
Ko(k, d) of ) the elements z; and by £¢. Since £ commutes with &4 it follows
that in the homology group, ¢(£¢) = £; hence the augmentation ideal of the
group ring Q[q]/(g? — 1) kills £4. Therefore we see that the z; form a basis
of the free module Vg’i as a module over the ring Ry =Q[gl/(14+g +--- +

g7
Vg = Ry,

We also have the free group on n + 2 generators written F,41 % %, with
a natural inclusion of Fj,y; in Fj,43. On F, ;> we have a homomorphism
into Z/dZ by sending x; to g% and  to the standard generator ¢. Denote by
K (k, d) the kernel to this map; we have a short exact sequence

1— K(k,d) = Fpp1 %1% —> Z)d7 — 1.

For similar reasons, K (k, d) is free on n’ generators where n’ is given by the
formula n’ = 1 4 (n + 1)d. Thus the first homology group V = H; (k, d)*’ ®
Q has dimension (n 4+ 1)d + 1 over Q and is a module over the group ring
QIq1/(g% — 1). If we go modulo the action of the linear transformation (1 +
g+ -+ g% the resulting quotient of the homology group of K (k, d) is
denoted V™. Then, as before,

ni _ pn+l
v = gitl

is a free module over the ring R;.
The natural inclusion of F in the free product F, 41 * tZ induces a map
¢ of the homology groups of the kernels Ko(k, d) and K (k, d), which is also
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equivariant for the action of the group ring Z[Z/dZ]. Thus we get maps of
R, modules ¢™ : V(;” ~ R — Vi~ RZH. Since, as Q-vector spaces, the
image of ¢ : Vo — V has codimension > (n + 1)d — nd =d, it follows that
(at the level of “non-invariants”) the image of Vo"i in V" has codimension
>d—1.

6.2 Image of the Gassner module

The pure braid group P, acts on Fj,41, and acts trivially on the Abelian
quotient Z/dZ. We take the trivial action of P,,; on % and get an action of
Pyy1on Fpypg tZ. Hence P, acts on Ko(k,d) and on K (k, d). The map
Ko(k,d) — K(k,d) is equivariant for this action as well, and the action of
P,.1 on the modules Ko (k, d)*’and K (k,d)? is equivariant for the action
of the product group Z/dZ x P,41.

We had the exact sequence

1—>K—>Fn+1*Frf F“b1—>1

and realised K as a module over the group algebra R = Z|F, ab 1]. By re-
placing R by the larger ring R’ = R [W

— +1)], we found the direct
sum decomposition

KPQrR>WQR @& R'vpy1,

of R’ modules (but not of P, modules). In this decomposition, W was the
reduced Gassner representation gn(X) : Py41 — GL,(R). We now get a map
from Fjy1 % F ng1 onto Fppq o t” given by x; > x; € Fyyq and X; > £k,
This induces a map from the Abelianised kernels K’ into K (k, d)*, with
the image of K“? being precisely the specialisation X; > #%i; in other words,
the image of K ab is the Gassner representation evaluated at (k1 ... ey,
It follows that if v is the invariant vector in K% then

v=>0-XpDer+---+0-X1Xo--- Xp)en + (1 = X1+ - Xpg 1) Vpt1-

Then its image in K (k, d)“h is also invariant; moreover, if #; - - - #,4-1 = 1 then
the image of v lies in the image of W, namely it is the image of the element
Yo (=11 1)ej.

The polynomials 1 — g% and 1 +¢g +--- + g9 ' =1 — ¢%) /(1 — q) are
coprime since k; and d are coprime. Therefore, 1 — g% is invertible in the ring
Ry =Qlgl/(1 +g+---+4g?1), and therefore, the map R — Q[q]/(g? — 1)
induces a ring homomorphism R’ — Ry (recall that R = Z[X fl , X ill]
and that R’ is obtained from R by inverting all the elements 1 — Xi).
Hence V" = H{(K (k,d)**,Q)/(1 + q + --- + ¢%~1) is naturally a mod-
ule over R’. Therefore, V" is the (full) Gassner representation evaluated at
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(g%, ..., g"+1). The module V" contains image of the sub-module W @ R’,
under the map R’ — R;. However, W is spanned by the “commutator” ele-
ments

1
C (=X = Xis1)
Denote by ¢ the image of &; in Vy. Therefore, ¢ lie in the image of the

Abelianised kernel Ko(k, d)*? ® g R’ (the commutator [x;, X;4+1] certainly lies
in the image of Ko (k, d); but the inverted elements of R’ map into elements
which have inverses in R; and hence slf lies in the image tensored with R’).

Consequently, the image of V" = K (k, d) ® Q has codimension < d — 1:

& [xi, xip1].

V”i/image(W ® R/) = RU/(1 +q+-- +‘1d71)’

and the latter space has dimension <d — 1.

The conclusion of the preceding Sect. 6.1 now implies that the module
Vo"i maps injectively into V’* and that the image is precisely the image of
W ® R’, the reduced Gassner representation evaluated at (qkl, e, qk"“).
We have proved the following

Theorem 24 The representation of P, on the homology group
V' = (Kod. by ®Q) /(1 +g +---+q7"),

is isomorphic to the reduced Gassner representation specialised at X; +— g~
and as a module over Ry it is the free module R}, (where Ry is the quotient

ring Qlgl/A4+qg+---+ qd_l)). We have therefore, the decomposition

Vo= @ auk,e),

eld, e>2

of the (non-invariant part of the ) homology of Ko(k,d) as a sum of the re-
duced Gassner representations g, (k, e).

Denote by Qo (k, d) the quotient of the free group Ko(k, d) by the smallest
subgroup N normalised by F,; and containing the “unipotent” elements
xfl,xg,...,xff+1 and the element (xlxz---xn+1)d/’, where r is the g.c.d.
of the sum k; + kp + - - - + k41 and the number d. (If we view F as the
fundamental group of the punctures Riemann surface, then F is a subgroup
of SLy(R) and the loops x; around the punctures are unipotent elements in
SL,(R); this is the reason we have called the x; unipotent elements. We do
not use the fact that F may be viewed as a subgroup of SL;(IR).) The quotient
map Ko(k,d) = Qo(k, d) induces a corresponding map on the (Q-homology:

¢ : Vo= Hi(Ko(k,d),Q) - Xo = Hi(Qo(k,d), Q).
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Since the kernel N to the quotient map is, by assumption, normalised by
F, 41, it follows that the foregoing map ¢ on homology is equivariant for the
action of Z/dZ; therefore, ¢ is a map of Q[¢q]/(¢¢ — 1) modules. Correspond-
ingly, we get a map

¢V — X0 = H(Qok,d),Q)/(1+q +--+¢7").

The vector space X does not have any invariants for the group Z/dZ, be-
cause invariants in the quotients X are in the image of invariants in Vy (G is a
finite group and the modules are Q-vector spaces). Secondly, by (11), the only
invariants in Vo = H{(Ko(k,d), Q) are the span of the “unipotent” classes
[x], ..., [x?, ] which lie in the kernel of the map Ko(k, d)** — Qq(k,d)*.
Therefore, X(’)’i = Xj.

The action of the group P, on the free group F;,+1 is such that each gen-
erator x; of F, ;| goes into a conjugate of itself (see Sect. 3.2). Moreover, the
product element x; - - - x,+1 is invariant under all of B, ;. Hence the normal
subgroup N is stable under the action of the pure braid group P, 1, and there-
fore, the homology group H(Qo(k,d), Q) is a P41 module and the map ¢
is equivariant for the action of P, as well. We have the following corollary
of Theorem 24.

Corollary 3 The representation of P41 on the quotient Xy is a direct sum

Xo= P 2.k,

eld, e=2

of the quotients g, (k,d) of the reduced Gassner representations by the (pos-
sibly one dimensional) space of invariants.

Proof Since Xo = X(’)‘i it follows that the elements xid € Vo map to zero in
Xo. Hence the quotient Xg is Vp modulo the Z[g]-module generated by g =
(x1xp -~ -xn+1)d/ ”: the other elements [xfi] in Vp map to zero.

We now deal with the element (x1x7 - - -xn+1)d/ ". Recall that r is the g.c.d.
of the integers d and Z?Ll k;. Then, the element g0 = (x1x3 - - -xn+1)d/ r
viewed as an element of Fj, /K1 (d)V (written multiplicatively) lies in
Kn+1(d)“b. Put t; = qki and r =t1tr -+ - ty41. In K41 (k, d)?? the element
8o Of the Abelian group (written additively) is of the form

w=(x1x2---xn+1)d/r=v(1 +7t+---+71d/r_1) = Av.
In this formula, v is the invariant element in K“? encountered before:
v=>_0—-t)er+---+ A —=t1t2- - tyy1)én.
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We need only check that this element g, = Av goes to zero in the e-th com-
ponent of the decomposition Hj(Ko(k,d), Q) >~ D g (k, ), exactly when
gn(k, e) has an invariant vector.

If g, (k, e) has an invariant vector, then the element w = #(t> - - - t,,41 of
Z|Z/dZ]) maps to 1 in the quotient Z/eZ of the group G = Z/dZ. Hence the
projection to the e-th factor of w is a non-zero scalar multiple of the projection
of v since A =d/r # 0 at the e-th place.

If g(k, e) does not have an invariant vector, then w = #{t> - - - f;,41 iS not
1 in Z/eZ; hence A = 11__77’1 ° =0 and our element goo goes to zero. We have
therefore verified that corresponding to the decomposition

Vo=Hi(Kotk,d),Q)/(1+q+---+q"") = P gulk.e)

eld, e=2

of representations of the pure braid group P,i, the quotient Xy = Vg’i /
Q[G]lgoo has a corresponding decomposition

Xo = Hi(Qo(k,d), Q) ~ P gnlk, ).

eld

as representations of the pure braid group P,y 1. (|

Corollary 4 If n > 2d, then the image of the representation of P,y on the
space Wy is an arithmetic group.

Proof For e > 2 dividing d, denote by G, the unitary group of the skew
Hermitian form 7 on the space g, (k, ). We have seen from the preceding
corollary that if I" is the image of the action of P,4| on X then I" is con-
tained in the product [ | eld Ge(O¢). Suppose first that e > 3. Then by Theo-
rem 16 (since n > 2d > 2¢), the image of I" in G.(O,) has finite index. If
e = 2 then the method of Theorem 16 does not apply. However, for e = 2,
is a well known theorem of [3] that the image of I" in G.(O.) = Sp,,(Z)
has finite index. Therefore, by Lemma 10, I" has finite index in the product

I1 eld G.(0,). O
7 Connection with monodromy

7.1 Some cyclic coverings of P!

Let aj, as, ..., a1 be distinct complex numbers; write S, for the comple-
ment in C of these points: S, = C \ {ay,ay,...,ay+1}. The fundamental

group of S,, once a base point is chosen, may be identified with the free

@ Springer



Monodromy of cyclic coverings of the projective line 43

group on F, 41 generated by small circles x; going around the point a; coun-
terclockwise once (and joined to the preferred base point by an arc which
avoids all the points a; and has zero winding number around all the points
aj). The map S, — C* defined by

X (x — al)k1 (x — az)k2 s (x — an+1)k”+1 = Py(x),

induces a homomorphism F,, 1 — g%, which sends each x; to g% . Here, ¢ is
a small circle around zero in C* which runs counterclockwise exactly once.
For future reference, note that the loop around infinity lying in S, repre-
sents (the inverse of) the product element x1x3 - - - x,+1 and that this element
is invariant under the action of the braid group B, on the free group Fj,41.
The affine variety C* = G,,, admits a cyclic covering of order d given by
z+> z? from G,, to G,,. The covering may be realised as the space {(x, y) €
C* x C*: y? = x} and the covering map is the first projection. Pulling this
covering back to S, we get a cyclic covering of S,, realised as the space

Xak={(x,y) €8, x C*: yi=x—aD(x —a)® - (x — apy ) ).

with the first projection being the covering map from X, onto S,. Therefore,
under the identification of the fundamental group of S, with F}, 1, the funda-
mental group of X, x is identified with Ko(d, k).

As the collection a varies, we get a collection P of monic polynomials P,
of degree n + 1 which have distinct roots a; occurring with given multiplici-
ties k;, and if Q denotes the variety

(w,x,P)eC*xCxP:w=P(x),

then the projection on to the third coordinate gives a fibration over P with
fibre at P being S, (here a is the collection of roots of P). We therefore get a
monodromy action of the fundamental group of P on the fundamental group
F,4+1 of the fibre. We have the following basic theorem of E. Artin.

Theorem 25 (Artin) The fundamental group of ‘P is a subgroup of the Braid
Group By 11 and contains the pure braid group P, 1. The monodromy action
of Pyy1 on mw1(S,) = Fuy1 is the usual action of P,+1 on F,y1 defined in
section (3.2).

Consequently, the monodromy action on the fibre of the fibration

{(yy)C,a)GC*X(CXCZydzl_[(x_ai)ki}

over C is the usual action of P,4; on the subgroup K, 1(d) =~ m1(X4.x);
therefore, P,y acts on the first homology K, (k, d)"b of X, k., and this
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gives the monodromy action. Therefore, the first part of Proposition 3 follows
from (the Hurewicz Theorem and) Theorem 24.

7.2 The compactification of X,

Denote by X; « the compactification of the affine X, x; X4 is a compact
Riemann surface with finitely many punctures; hence X Z « 18 @ smooth pro-
jective curve obtained by filing in these punctures.

Now the covering map X, x — S, is such that these punctures lie over the
points a; or else over the point at infinity of S,. If a puncture lies over some
a;, then the image of a small loop around the puncture in Fj, 4 is xid (since k;
is coprime to d); if the puncture lies above infinity, then the image of a small
loop around the puncture in F;, 4 is a power of x1x3 - - - x,41 the loop around
infinity; therefore, such an element is invariant under the action of the braid
group.

The mapping of 71 (X4 k) = m(X;" i) 18 such that these loops around the
punctures generate the kernel, by the van Kampen theorem; consequently,

the elements xf X, map to zero in Hi (X7 k,Z) and the element

(x1xp -~ xn+1)d/ " maps to 0. Therefore, the fundamental group of X, *  may
be identified with the quotient Qg (k, d) of Corollary 3. Therefore, the second
part of Proposition 3 follows from Corollary 3.

The arithmeticity of the monodromy (Theorem 1) now follows from Corol-
lary 4 since the homology of X;" « 1s the homology of Qo (k, d).

Acknowledgements I am very grateful to Madhav Nori for the crucial remark that an earlier
proof for the arithmeticity of the image of the Burau representation would also go through for
the Gassner representation).

The support of the J.C. Bose fellowship for the period 2008-2013 is gratefully acknowl-
edged.

References

1. Abdulrahim, M.: Complex specialisations of the reduced Gassner representation of the
pure braid group. Proc. Am. Math. Soc. 125(6), 1617-1624 (1997)

2. Abdurahim, M.: A faithfulness criterion for the Gassner representation of the pure braid
group. Proc. Am. Math. Soc. 125, 1249-1257 (1997)

3. A’Campo, N.: Tresses, monodromie et groupes symplectique. Comment. Math. Helv. 54,
318-327 (1987)

4. Bass, H., Milnor, J., Serre, J.-P.: Solution of the congruence subgroup problem for SL;,
(n > 3) and Sp,,, (n > 2). Publ. Math. 33, 59-137 (1967)

5. Birman, J.: Braids, Links and Mapping Class Groups. Annals of Math. Studies, vol. 82.
Princeton University Press, Princeton (1974)

6. Deligne, P., Mostow, G.D.: Monodromy of hypergeometric functions and non-lattice inte-
gral monodromy. Publ. Math. IHES 63, 5-89 (1986)

7. Griffiths, P., Schmid, W.: Recent developments in Hodge theory: a discussion of tech-
niques and results. In: Discrete Subgroups of Lie Groups and Applications to Moduli,
Internat. Colloq., Bombay, 1973, pp. 31-127. Oxford University Press, Bombay (1975)

@ Springer



Monodromy of cyclic coverings of the projective line 45

10.

11.

13.

14.

15.

16.

17.
18.

19.

20.

21.

Grunewald, F., Lubotzky, A.: Linear representations of the automorphism group of a free
group. Geom. Funct. Anal. 18(5), 1564-1608 (2009)

Kapovich, M., Millson, J.: Quantization of bending deformations of polygons in £ 3 hy-
pergeometric integrals and the Gassner representation. Can. Math. Bull. 44(4), 36-60
(2001)

Long, D.D.: On linear representations of braid groups. Trans. Am. Math. Soc. 311(2),
535-560 (1989)

Looijenga, E.: Uniformization by Lauricella Functions, an Overview of the Theory of
Deligne-Mostow. In: Progr. Math., vol. 260, pp. 207-244. Birkhiuser, Basel (2007)
Looijenga, E.: Prym representations of the mapping class groups. Geom. Dedic. 64(1),
60-83 (1997)

Mcmullen, C.: Braid groups and Hodge theory. Math. Ann. (2012). doi:10.1007/
s00208-012-0004-2

Mostow, G.D.: Generalised Picard lattices arising from half-integral conditions. Publ.
Math. THES 63, 91-106 (1986)

Nori, M.V.: A nonarithmetic monodromy group. C. R. Math. Acad. Sci. Paris 302(2), 71—
72 (1986)

Raghunathan, M.S.: A note on generators for arithmetic subgroups of algebraic groups.
Pac. J. Math. 152, 365-373 (1991)

Sarnak, P.: Notes on thin groups. In: MSRI Hot Topics Workshop, February 2012

Tits, J.: Systemes générateurs de groupes de congruence. C. R. Math. Acad. Sci. Paris 283,
693 (1976)

Vaserstein, L.: The structure of classical arithmetic groups of rank greater than 1. Math.
USSR Sb. 20, 465-492 (1973) (English translation)

Venkataramana, T.N.: On systems of generators for arithmetic subgroups of higher rank
groups. Pac. J. Math. 166(1), 193-212 (1994)

Venkataramana, T.N.: Arithmeticity of the Burau representation at roots of unity. Ann.
Math., in press

@ Springer


http://dx.doi.org/10.1007/s00208-012-0004-2
http://dx.doi.org/10.1007/s00208-012-0004-2

	Monodromy of cyclic coverings of the projective line
	Introduction
	Description of the proof

	Algebraic groups
	An inductive step for integral unitary groups
	Notation

	Groups generated by complex reﬂections
	Some results on algebraic groups
	Products

	Action of the braid group on a free group
	The pure braid group
	Artin's theorem
	Action on certain subgroups and sub-quotients
	The Gassner representation
	An invariant element in the Gassner representation
	A supplement to the space of invariants

	Properties of the Gassner representation
	A (skew) Hermitian form preserved by the pure braid group
	Irreducibility
	Notation


	Proof of Theorem 16
	The reduced Gassner representation at roots of unity
	Gassner representations with degenerate Hermitian forms
	Proof of Theorem 16

	Homology of cyclic coverings
	Image of homology
	Image of the Gassner module

	Connection with monodromy
	Some cyclic coverings of P1
	The compactiﬁcation of Xa,k

	Acknowledgements
	References


